ON CERTAIN SUMS RELATED TO THE LARGEST ODD DIVISOR 



OMRAN KOUBA 



Abstract. In this paper, we consider certain finite sums related to the "largest odd 
divisor" , and we obtain, using simple ideas and recurrence relations, sharp upper and 
lower bounds for these sums. 



1. Introduction 

For a positive integer k, let a{k) be the largest odd divisor of k. So a is a very simple 
arithmetic function that can be defined using the recurrence relations : 

a{2n — 1) = 2n — 1, and a{2n) = a{n). (1) 

In what follows we will study some properties related to several sums containing a. In 
particular, for a positive integer n, we will consider the following three sums : 

V(n)^±^, (2) 

k=l 
n 

U{n) = J2<^{k), (3) 
fe=i 

n _|_ 1 _ L 

G(n) = ^^— - — -a{k) = {n + l)V{n)-U{n). (4) 

nj 

k=l 



Bounds for G{n) were proposed by Mihaly Bencze in [T] and, as we will see in this paper, 
the proposed bounds there are not sharp. Also, questions concerning bounds for V{n) 
and U{n) can be found in several regional or national Mathematical Olympiad problems, 
see [2] and |3] for example. 



Now, let us fix some notation. For a nonnegative integer m, we will denote by Im the 
set of integers k satisfying 2"^ < k < 2"^~^^. As usual, the logarithm in base 2 will be 
denoted by Ig, and the floor function will be denoted by [-J . Clearly we have following 
the equivalence [Ig/cJ = m -^^^ k E Im- 
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Also, if a nonnegative integer n have the following binary representation 

m 

n = ^ ek2'^, with Sk G {0, 1} for every k, 

k=0 

we write n = {em£m-i ■ ■ ■ £i£o)2- We do not suppose that Em = ^ but clearly we have 
n E Im £m = 1- Finally, if £ G {0, 1} we will write e to denote 1 — e. 

The paper is organized as follows. In section[21 we gathered properties of V, in particular 
we prove in Theorem 12.61 that 

2«' + i<nn)<'"<"^" 



3n - ' ' - 3(n + 1) 

In section [3l we find the properties of U, and particularly we find in Theorem 13.31 a 
precise version of the following inequality 

+ 2 , + 2n 

< Uin) < . 

3 - ^ ^ - 3 

In section |H the properties of G are considered. We prove among other results that 

n^ + 2n ^ r'f \ ^ r? ^2n 
^ < G{n) < 

where On = |(LlS^J + Round(2L^s"-l/3)2~l-ig"J^ ^ where Round(-) is the nearest integer 
function. 

Moreover, we prove that all these inequalities are sharp in the sense that equality holds 
infinitely many times in the upper and also in the lower bounds. We also characterize, in 
each case, the values of n where the equality sign holds. 

Finally, we propose some problems that could be solved by the materials proposed in 
this article. 



2. Properties of V 

Our first result is about the recurrence relations satisfied by V, these relations are used 
to obtain sharp upper and lower bounds for V. 



Proposition 2.1. The function V satisfies the following properties : 

(a) For each positive integer n, we have 

1 1 

V {2n) = n + -V {n) and V{2n + I) = n + I + -V{n). 

2n . . 2n + 2 

(b) For each positive integer n, we have — < V[n) < — - — . 
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Proof. Indeed, using the properties of a, we can write 

Y(2n) = V = V + V ^'^^^^ 

k=l k=l k=l 

El ^ a(k) 1 ^ , , 

k=l k=l 



and 



V{2n + 1) = V{2n) + "[^^"^ = \/(2n) + 1 = n + 1 + ^V^(r2) 



So, we have proved the recurrence relations in (|aj). 

Now, we will prove by induction on m the following property : 

2n 2n + 2 

Qm- Vn e Im, — < V{n) < — - — . 

Since V{1) = 1 we see immediately that Qi is true. Let us suppose that Qm is true for 
some m > 1, and consider n G Im+i- There are two cases : 

• n = 2p for some p G Im- Then y < V{p) < and 

P 1t^/ N p + l 

P+-<P + -V{p) <p+ , 

and by Q this is equivalent to ^ <V{n) < 

• n = 2p + 1 for some p G /„• Then y < V{p) < and 

and, again by ([a]) this is equivalent to < ^(n) < 

We conclude that ^ < V{n) < ^^y^ for every n G /m+i- This achieves the proof of the 
induction step : Qm =^ Qm+i, and completes the proof of Proposition I2.1[ □ 

The following corollary follows from Theorem 1. in [1], and the fact that 

n^o n 3 
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Corollary 2.2. For every continuous function on [0, 1] we have 

For example, choosing f{x) = x^~^^ for some r > — 1 allows us to prove 

1 " 2 
Vr > -1, lim — — k''a(k) = — -, 

k=i \ ' J 

2 

and for r = we find that f/(ra) ~ but in Section [3] we will obtain far more interesting 
results about U. 

Also, letting /(x) = l/(x + a) for some a > 0, yields 

Va > 0, lim V ^ \ , = - In 1 + - . 

n->oo ^-^ /e(^an + /e) 3 \ ay 

It is interesting to study how V{n) is distributed in the interval ^^y^), to this end 
we define the function v for positive integers by 

2n 

Wn > 1, f (n) = V{n) - — , (5) 

o 

and we set v{0) = for convenience. In the next proposition we find some results con- 
cerning the function v. 

Proposition 2.3. The function v satisfies the following properties : 

(a) For each positive integer n, we have 

v{2n) = -v{n), and v{2n + 1) = — I — v{n). 
2 3 2 

(b) Ifn= {Sm ■ ■ ■ £1^0)2 then 

^ m 

v(n) = - > —r. 

V ^ 3 ^ 2^= 

fc=0 

In particular, the set {v{n) : n > 1} is a dense subset of the interval [0, |]. 

(c) ^4/50, if n = {Sm - ■■ £1^0)2 then 

p=0 k=0 

(d) (Symmetry) If n = (l^m-i ■ ■ -^1^0)2 G Im, and we set n = (lem-i ■■■ ^1^0)2? then 
v{n) + v{n) = |. 
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Proof. Indeed, ([aj) follows immediately from the recurrence relations for V in Proposition 

EH 

Now, consider n = {em ■ ■ ■ £i£q)2- We have 

[2-%J =Ep + £p+i2 + ■ ■ ■ em2"'-P = ep + 2 [2~P-'n\ , 
So, using the recurrence relations in ^ we conclude that 

V ( [n2-^\ )=v{e, + 2 [n2--ij ) = 'f + \v{ [n2-^-'\ ) , (6) 

Multiplying both sides by 2^^ and adding the obtained relations as p varies from to m 
we find that 



v[n) 

p=0 



which is the desired formula. This end the proof of (jb]) since the density statement is 
immediate. 

On the other hand, adding the equalities in (jS]) for p G {0, 1, . . . , m} we obtain 



m ^ m ^ ni 

5^.([2-%J) = -5]., + -5^.([2-%J) 

p=0 p=0 p=l 

-J2e,--v{n) + -J2v{[2-'n\) 



which is equivalent to (jcj). 
Using (jb]) we can write 



3^ ' 2 ^ ' 2 

p=0 p=0 



m—l 



k=0 

1 2 V — -\ El. 

= — + 2 >-r 

k=0 

' m-1 \ 

V fc=0 / 

which is the desired symmetry result ([d]). □ 
The following corollaries are immediate consequences : 

Corollary 2.4. For a positive integer n we have 

1 . .2 , .si 

-<f(2n + l)<- and < f (2n) < -. 
o o o 
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Corollary 2.5. Let m be a nonnegative integer. Then for every n ^ 1^ we have 

1 , , 2 2-2-"^ 

< v(n) < 



3 • 2™ - ' ' - 3 3n 
where the lower bound is attained if and only if n = 2"^ and the upper bound is attained 
if and only if n = 2"+^ — 1. 

Proof. Indeed, for n = (e^ ■ ■ ■ £160)2 ^ ^m, using Proposition I2.3( la]). we have, 



v{n) = -y -f> ^" 



3 ^ 2P ~ 3 ■ 2™ 3-2'" 

p=0 

with equality if and only if = ^1 = ■ ■ ■ = ^m-i = 0, that is, if and only if n = 2™. 

The upper bound is a little bit trickier, consider n = [lem-i ■ ■ ■ £1^0)2 G Im and recall 
that n = (l^m-i ■ ■ ■ ^1^0)2- If n < 2™+-*^ — 1 then there exists some j in {0, . . . , m — 1} 
such that Ej = and consequently, using Propositior(23tiaj) again, we find that 

(m—1 \ / m—1 

2™ + ^£fc2M 2™ + ^£fe2-'^ 
fc=0 / \ fc=0 

> 2™ X 2"^' = 2""^^' > 2. 

Whereas, if n = 2'"+^ — 1 then 

3nv(n) = 3(2"+^ - l)t;(2™) = 2 - 2-™ < 2. 

Hence, we have shown that 3nv{n) > 2 — 2~™ for every n G Im, with equality if and only 
if n = 2"^~^^ — 1. But, using Proposition I2.3l1d|) . we have v{n) = 2/3 — v{n), so, the above 
conclusion yields the desired upper bound, and characterizes the case of equality. □ 

Remark. The upper bound obtained in Corollary 12.51 is sharper than the one that could 
be obtained directly from Proposition I2.3lfb|) which is (2 — 2~™)/3. 

Our final property for V is the following result : 

Theorem 2.6. For every positive integer n we have 

2n^ + l 2n(n + 2) 



< V{n) < 



3n - ^ ' - 3{n + l) 

Moreover, the lower bound is attained if and only if n = 2"^ for some nonnegative integer 
m, and the upper bound is attained if and only if n = 2"^+^ — 1 for some nonnegative 
integer m. 

Proof. Consider n & Im- Since n > 2™ we conclude using CoroUarv 12.51 that 

N 2r2 , , 1 1 

Vin) = vin) > > — 

^ ^ 3 ^ ^ - 3 ■ 2"^ - 3n 

with equality in both inequalities if and only if n = 2"^. This proves the first inequality 
and the characterizes the case of equality there. 
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Let us come to the second inequality. Here we note that if n G then n + 1 < 2"*+^, 
So, again, using Corollary 12.51 we have 

X 2n , , 2 / 1 1 \ 2 / 1 
V{n) -- = v{n) <-!-- + _— < 1 _ + 



3 3 V n n2""+V ~ 3 \ n n(n + 1)_ 

with equality in both inequalities if and only if n = 2™+^ — 1. This proves the second 
inequality and the characterizes the case of equality there. □ 



3. The Properties of U 

Let us start by considering the recurrence relation satisfied by the sum U defined by 
formula (l3j). 

Proposition 3.1. For every nonnegative integer n we have 

U{2n) = n'^ + U{n) and U{2n + 1) = {n + if + U{n) 
with the convention U{0) = 0. 
Proof. Indeed, for a positive integer n we have 

n n 

U{2n) = a{2k - 1) + ^ a{2k) 

k=l k=l 

n n 

= ^(2A; - 1) + ^ a{k) = + U{n). 

k=l k=l 

Also 

U{2n + 1) = a{2n + 1) + U{2n) 

= 2n + l + n^ + U{n) = {n + if + U{n). 

Clearly, the conclusion holds also for n = 0. □ 

Before stating the main result concerning U, let us prove the following lemma : 

Lemma 3.2. For a positive integer n & 1^ with binary representation n = (e^ ■ ■ '^0)2; 
we define h{n) by the formula 

m—l 



hin) = Y,ek 

k=0 



Then we have < h{n) < n — 1. Moreover, h{n) = if and only if n = 2"*+^ — 1, and 
h{n) = n — 1 if and only if n = 2'". 
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Proof. Clearly, we have h{2"^^^ — 1) = 0. Now, if (e^ ■ ■ ■ ^0)2 is the binary representation 
of some n E Im satisfying n < 2™-+^ — 1 then there must be some j G {0, . . . , m — 1} such 
that Ej = 0. In this case we have 

2™ 



h{n) > Ej 



n 



23- 



> 



2^+1 



So, we have proved the first inequality and characterized the case of equality in it. 
On the other hand, we have 



m—l 
fc=0 



m— fc— 1 



2m _ 



and for n E Im can write 



m—l 



h{n) < J2 



k=0 



n 



nil - 2- 



n — 1 



Therefore, if n G Jm satisfies n > 2*" then h[n) < n — \. This achieves the proof of the 
lemma. □ 

Now, we come to our main result concerning the sum f/. 

Theorem 3.3. For every 'positive integer n the following is true : 
(a) If n is even then 



n 



< U{n) < 



n + n 



3 - ' ^ - 3 ' 
with equality in the lower bound if and only if n = 2"^ for some positive integer m, 
and equality in the upper hound if and only z/n = 2™ — 2 for some positive integer m. 
(b) If n is odd then 

+ n + 1 , , n"^ + 2n 

< U{n) < , 

3 - V ; - 3 , 

with equality in the lower bound if and only ifn = 2"^ + l for some positive integer m, 
and equality in the upper hound if and only ifn = 2"^ — l for some positive integer m. 

Proof. For a nonnegative integer n we define u{n) by 



n + n 



u(n] 



U{n). 



(7) 



Clearly, using Proposition 13. we have 

in^ + 2n 



u{2n) 



n 



n — U{n) = — h u{n) 



and 



(2n + 1)^ + 2n + 1 , , 
M(2n+ 1) = ^ {n+lf - U{n) 



n + 1 



+ uin). 
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We can express the above two formulas as follows 

, . n 2n + e 
u{2n + e) = u{n) + - —e, (8) 

for every nonnegative integer n and every e G {0, 1}. 

Now, consider n = {em - ■ ■ £1^0)2 £ Im- Since [2^^r;,J = Sp + 2 [2^^''^n\, we conclude, 
using ([8]), that 

u{[n2-^\) = u {[n2-^-'\) + \ [n2-'^-'\ - \ep [n2-^\ . 
Adding these equations as p varies in {0, 1, ... , m} we find that 



^ m -. m 



p=l p=0 
m— 1 

Eon 



+ lj2^,[n2-^\ 



3 3 ^ 

p=i 

„ m-l 
p=l 



where the last equality follows from the fact that SpEp = for every p. Thus, we have 
shown that for n = (e^ ■ ■ '£^1^0)2 ^ Im the following holds 



n 



f \ 2 

u{n) = — h , 

^ ' 3 3 VL2 



where h is the function defined in Lemma 13.21 
Let us discuss the following two cases : 

• n is even. In this case Eq = and u{n) = ^h{n/2). By Lemma (3.21 we conclude 
that 

n — 2 

< u{n) < 

with equality in the first inequality if and only if n = 2(2™ — 1), and equality in 
the second inequality if and only if n = 2(2™~^). This is equivalent to the desired 
conclusion and achieves the proof of part (jaj). 

• n is odd. In this case Eq = 1 and u{n) = —^n + ^h{{n — l)/2). By Lemma ^72\ we 
conclude that 

< uin) + -<--!, 

with equality in the first inequality if and only if n = 2(2"^ — 1) + 1, and equality 
in the second inequality if and only if n = 2(2™^^) + 1. This is equivalent to the 
desired conclusion and achieves the proof of part (jb]). 

The proof of the theorem is complete. □ 
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4. The Properties of G 

Now, we come to the function G defined in by the formula (jl]). We seek sharp bounds 
for the values of G{n). The following Proposition gives such bounds, and it constitutes a 
refinement upon the bounds in pj : 

Proposition 4.1. (a) For each positive integer n, we have 

G{2n) =n{n + l) + G{n) -^V{n) and G{2n + 1) = {n + if + G{n). 

where V is the function defined in ([1]) . 
(b) For each positive integer n, we have 

n{n + 4/7) ^ ^^^^ ^ n{n + 2) 



Proof. Clearly we have, 

2n+l 

a[k) 



G{2n + 1) = ^{2n + 2-k) 

k=l 

= y{2n + 2 -2k- if^^^ + y{2n + 2 - 2fc)^ 

' 2k + l '2k 

k=0 k=l 



n 



^(2(n-A;) + l) + ^(n + l-A;) 

fc=0 k=l 

n + lf + G{n 



a{k) 



and 



G{2n) = J^i2n + l-k)^ 

k=l 

k=l k=l 

k=l k=l k=l 

= n{n+l) + G{n) - ^V{n), 

This proves ([a]). 

Now, we will prove by induction on m the following property : 
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First, it is straightforward to check that 



n 


1 2 3 4 5 6 7 


"("3+') G{n) 


i i i i 


G{n) "("+3'/^) 


1 Q 1 1 1 1 7 
12 ^ 4 12 4 4 12 



So TZm is true for m = 1,2, 3. Let us suppose that TZm is true for some m > 3, and 
consider n G Im+i- 

There are two cases : 

2p for some p G /„• Then p^p^J^'^^ < G{p) < ^(^tHl ^j^e induction hypothe- 



n 



sis, and ^ <V{p) < ^ by Proposition OJb]) . Hence 



and 



G{n) = G{2p) = p{p + 1) + G{p) - -V{p) 



< p{p + 1) + 



p{p + 2) p Ap{p + 1) n{n + 2) 



G{n) > p{p + 1) + 



p(p + 7/4) p + 1 



4p2 + _ 1 ^(^ + 7/4) 



> 



n{n + 7/4) 



3 3 24 

where we used the fact that for m > 3 we have n > 8. 



n = 2p + 1 for some p G Im- Then ^^^^^^^^ < G{p) < hence 



3 ' 



and 



G{n) = G{2p +l) = {p+ 1)2 + Gip) 
4p2 + + 3 + 2) 



2 , p(p + 7/4) 



GH > (p+l)' + 

o 

_ 4p2 + + 3 ^ ^(^ + 7/4) p + 1 ^(^ + 7/4) 
~ 3 ~ 3 ^ 4 - 3 ' 

We conclude that ^^^^ < G{n) < for every n G /m+i. This achieves the proof 



of the induction step : TZr, 



TZm+i for m > 3, and completes the proof of (jbj). 
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It seems that the values of G{n) become closer and closer to the upper bound given in 
Proposition I4.1[ In order to study this property, we consider the function g defined for 
nonnegative integers by 

n{n + 2) 

gin) = G{n) (9) 

with the convention g{0) = 0. The following proposition gives some properties of g. 

Proposition 4.2. (a) For each positive integer n, we have 

g{2n) = g{n) + -v{n) and g{2n + 1) = g{n). 

where v is the function by the formula (|5]) . 
(b) For each positive integer n, if n = {em, • • • , ^i, ^0)2? then 



2 

p>0 

(c) For each positive integer n, we have < g{n) < ^ \ lgn\ . 

Proof. Indeed, using the recurrence relations for G, (see Pr op osit ion 14 . 1 (lal) . ) we can write 

(2n + l)(2n + 3) ^, 
g(2n + 1) = ^ 1 - G{2n + 1) 

(2n + l)(2n + 3) , ,.2 



3 

n(n + 2) 



-{n + ly - G{n) 



G{n) = g{n) 



and 



, , 2n{2n + 2) ^, , 
g{2n) = - G{2n) 

= M!L±1) _ n{n + 1) - G{n) + \v{n) 

nin + 2) ^. . 1 , , n , , 1 / , 
= 3 - G{ri) + -V{n) -- = g{n) + -v{n) 

This proves ([a]). 

Recalling that [2~^nJ = ep + 2 [2~^~^nJ , we deduce from the recurrence relations in ^ 
that _ 

g{[2-^n\) - g{[2-^"'n\) = '-^v{[2-^-'n\). 
Adding these equalities for p E {0,1,..., m} we find that 

m— 1 



9{n) = lj2^,vi[2-^-'n\: 



2 

p=0 



which is 
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Finally, using Proposition 12.31 (jb]) we see that v takes its values in [0,2/3], and conse- 
quently 

Tfl 1 

Vn > 1, < g{n) < — = -\\gn\ . 
which is (jcj). This completes the proof. □ 

We have seen that n{n + 2)/3 is an upper bound for G{n). In the next corollary we 
will show that this upper bound is attained infinitely many times, more precisely we will 
prove the following : 

Corollary 4.3. We have 

|n > 1 : G{n) = !!(!!±^| = {2^ _ 1 ; r > l}. 

Proof. By dH]), we are looking for the set of positive integers n such that g{n) = 0. 
Consider n = (^m'' '^1^0)2 ^ I-m, that is Em = 1- The case m = corresponds to 
n = 1 = 2^ — 1 and we know that g{l) = 0, so let us suppose that m > 1. 
By Proposition l4.2lTb|) we have 

^ m— 1 

gin) = -Y.eA['^-'-'n\) 

p=0 

But, for p G {0, l,...,m - 1}, we have > 2""-^-^ > 1 so [2-P-^n\ > 0, and 

consequently v{\_2~'P~^n\) > 0, by Corollary 12.41 It follows that g{n) = if and only if 
Ep = for p & {0, 1, . . . , m — 1}, or equivalently £p = 1 for p G {0, 1, . . . , m}. That is 
^ = E"=o2^ = 2™+^ - 1- □ 

Now, we will introduce a symmetry property satisfied by g. 

Proposition 4.4. (a) For each positive integer n, if n = {lEm-i ■ ■ ■ ^1^)2 ^ Im, o-nd if 

n = (lEm-i ■ ■ -^10)2, then g{n) = g{n). 
(b) More generally, for each positive integer n, if n = 3 • 2Lig"J - 2-n, then we have 

g{n) = g{n). 



Proof. Indeed, by Proposition l4.2lTb|l we have 



9in) = lv{^)+^J2^,vi[2-'-'n\ 

k=l 



Now, using Proposition I2.3l1d|) we see that, for every k G {0,...,m — 1}, we have 



v{[2-''-^n\) = l-v{[2-''-^n\). So, 

k=l k=l 
_ m—l ^ m—l ^ m—l 

= 2" (i) + i E «( 12-'"«J ) - 5 E + ^ E ^''''i L2-'-'ftJ : 



k=l k=l k=l 
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and 

T / ~ \ -. m—l 

I n 



9W = -v 



\ 1 



fc=l 

Hence, with = 1, we have 

m— 1 ^ m—l 

/n\ 1 



^ m—l _ m—l 



A:=l fc=l 
m—l „ m 



1 / (n\ /I i.n 



2 



3 



A;=0 A:=l 

where we used Proposition I2.3l ([c]). This ends the proof of 

Now, consider a positive integer n and let m = [IgnJ . We have n G /m, and n has the 
binary representation n = (l£m-i ■ • -^1^0)2, with et G {0, 1}. There are two cases: 

• £0 = 0. In this case we have 

m m—l m—l 

3-2'^-2-n = ^2'=-^ £fc2'= = 2™ + ^ £^2^ = n, 

A;=l fe=l A;=l 

and (jaj) is equivalent to g{n) = g(3 ■ 2L's"J — 2 — n) in this case. 

• £0 = 1- Here, we consider also two cases : 

— For every k G {0, 1, . . . , m — 1}, Ek = 1. In this case we have n = 2"^+^ — 1 
and 3 ■ 2™ — 2 — n = 2"^ — 1, and we have seen that g{2^' — 1) = for every r, 
so g{n) = (7(3 ■ 2l-^s"J — 2 — n) in this case also. 

— There exists k G {1, ... ,m — 1}, such that Ek = 0. In this case we define 
j = min{fc G {1, . . . , m — 1}, Ek = 0} so that 

n = 2"^ + J2 + J2 '^^ 

j<k<m 0<k<j 

= 2"^ + 2^ -1+ J2 ek2'' =p2^ + 2^ -1. 

j<k<m 

with p = 2^-1 + E,<fc<™^'^2^-^ and 

3-2"-2-n = 2'"+i-2^-l- Ek2^ 

j<k<m 

= 2^ + 2^ -1+ J2 (l-^fc)2' 

j<k<m 

= 2*" + 2^' - 1 + J2 = p2^ + 2^ - 1. 

j<k<m 
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Now, using the fact that g{2p +1) = g{p) repeatedly we see that g{p) = 
g{p2^ + 2^ — 1) for every j and p. Therefore, using part (jaj), we obtain 

g{n) = g{p2^ + 2^ - 1) = g{p) = g{p) = g{p2^ + 2^ - 1) = ^^(3 ■ 2™ - 2 - n). 

This completes the proof of Proposition I4.4[ □ 



In Proposition l4.1lTb|) we have proved that 

n{n + 7/4) 



< G{n) 



3 

but this inequality is not sharp for large values of n, since by Proposition I4.2( lcj) we have 

n{n + 2) [lgn\ 



3 3 

or equivalently 

n{n + 2 — [IgnJ /n 



< G{n) 



< G{n). 



3 

Unfortunately, this inequality is again not sharp enough. Our next objective is to find 
a sharp inequality, where equality holds infinitely many times. To this end we will need 
some preliminary results. 

For a nonnegative integer r we consider Xr and i/r defined by 

r— 1 

Xr= Yl 2""^' = ^(S'" - 1), and = 2a;,. (10) 

0<A;<r 

Clearly we have [Igx^J = 2r — 1 and [Igi/rJ = 2r for r > 0, and 

Xr = ( 1010^ • ■ IOJ 2 and yr = ( 1010 - ■ lOOj s- 

2r digits 2r+l digits 

Also, Xr and i/r can be defined by the recurrence relations : 

X0 = yo = 0, Xr+l = 4:Xr + 2, yr+i = Ayr + 4. (11) 

These sequences of integers will play an important role in the sequal. 
Clearly, we have 

r— 1 \ ^ r—1 



3 ^ 2^'=+! 9 9 ■ 22^ ' 

,fc=0 / fc=0 



and since vijjr) = v{2xr) = ^v{xr) we conclude that 



2 2 11 

v(xr) = :r- and v(yr) = TT- (12) 

9 9 ■ 2^^ 9 9 ■ 2^'' 



Now, let us prove a technical result about g. 
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Lemma 4.5. For every nonnegative integers p and r we have 
and 



g{2'^+'p + xr) - g{2'^+'p + = ^1 " ^) {^'{p) - i 

Proof. Using the recurrence relations for g from Proposition I4.2([al) we deduce immedi- 
ately the following "two-stage" recurrence relations, which are valid for every nonnegative 
integer n : 

1 11 3 

g{An) = g{2n) + -v{2n) = g{n) + -v{n) + -v{n) = g{n) + -f (n), 

g{An+l) = g{2n) = g{n) + K){n), ^^^^ 

g{An + 2)= g{2n + 1) + ]-v{2n + 1) = g{n) + ^ + -v{n), 
(?(4n + 3) = (7(272 + 1) = (?H. 

It follows that for nonnegative integers n and x we have 

3 

g{%n + 8a; + 4) = gi^n + 2x + 1) + -^{2n + 2a; + 1) 

3 

= g{n + a;) + -^(^n + 2a; + 1) 

1 3 

= g{2n + 2a;) - v{2n + 2x) + - + -f (2n + 2x) 
= g{2n + 2x) + - - -^{2n + 2a;), 
applying this with n = 2'^^p and x = a;^ we find that 

g{2'^^^p + y,+i) = g{2'^+'p + yu) + \- \v{2''^'p + yu). (14) 
But, since yk < 2'^^^^ we conclude, using Proposition 12.31 and (|T2|) . that 

.(2^^+V + yu) = v{2^'^'p) + v{y,) = ^.(p) + I - 
so we can rewrite (|T^ as follows 

g{2''^'p + y^+i) - g{2''^'p + y,) = ^ + - v{p) 



9 V9 7 22^^+3 ■ 

Adding these equalities as k varies from to r — 1 for some r > 1, we find that 
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which is also true for r = 0. This equivalent to 

1 \ 



g{2'^^'p + y^) = g{p) + ^ (l + ^) v{p) + f + ^ (l 



22rJ 



(15) 



In particular, taking p = we find 



2r 1 / 1 \ 

9(y.0 = ^ + ^(i-^). (16) 

and we can reformulate f lT^ as follows : 

g{2'^-^'p + vr) = g{p) + + ^) v{p) + givr). (17) 
Also, recalling that g{n) = g{2n) — v{2n) by Proposition 14.21 we conclude from f lT7|) that 



22r 

Replacing p by 2p, and using the recurrence relations from Proposition 14 . 21 and Proposition 
12.31 we find that 

nO^^'+^n -^ T^ = n('n^ -^ , „ 

3 V 22^+ 



g{2'^+'p + X,) = gip) + 1 (2 - ) vip) + g{xr). (19) 



Also, replacing p by 2p in f|T7|) yields 

g{2'^^'p + y,) = (7(2p) + ^1 + ^) ^^(2p) + ^?(Z/.) 

= g{p) + 1(2 + v{p) + givr). (20) 

Now, using f lTB]) and ffT^ we get 

5((x^+i) - 5((?/,.) = fi'(2x,.+i) - v{2xr+i) - fi-d/r) 

_ 1 1 

- 9 + 9 . 22'+i ■ 
Hence, from fl2CT]) and flTSl) with r replaced by r + 1 we obtain 

^(22^+2p + X,+i) - ^(22-+2p + ^^) = i (^-1 _ _L_^ y(p) + g(xr+^) - ^(2/^) 

= 1(^ + 7^) (l-vip)). 



22r+i / y 3 
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Which is the first identity in the Lemma. 

Similarly, since g{xr) — gijjr) = —v{yr), we conclude from f[T7j) and ffT^ that 

Which is the second identity in the Lemma. This achieves the proof of the lemma. □ 

The next corollary is an immediate consequence of Lemma 14.51 and Corollary 12. 4[ 

Corollary 4.6. For positive integers p and r, the following inequalities hold 

g{2'^^^p + xr)<g{2'^^^p + yr), 
g(fr+2^ + 2^^+! + y,) < g{2'^+'p + 

g{2''+'p + yr-i)<g{2'^+'p + xr), 
g{2''-+'p + 2''+Xr)<g{2'''+'p + yr). 
Corollary 14.61 is the main tool for proving the following interesting theorem. 
Theorem 4.7. For positive integers m and n, we define A{n,m) by 

A(n, m) = max {g{2'^n + t) : < t < 2™ - 1) . 
Then for any positive integer n and any nonnegative integer m we have: 
A(n, 2m + 1) = max ((^(22^+in + ym), gi2^"'^^n + Xm)) , 
A(n, 2m + 2) = max {gi2^"'+^n + y^),g{2'^+^n + x^+i)). 

Proof. Clearly, Since g{2n + 1) = g{n) and g{2n) = g{n) + v{2n) we have 

A(n, 1) = max{g{2n),g{2n + 1)) = g{2n). 

Also, in view of the recurrence relations in (|T3l) we have 

A(n, 2) = max{g{4n),g{4:n + 1), 5'(4n + 2),g{4:n + 3)) = max{g{4:n), g{4n + 2)). 

Therefore, the conclusion of the theorem is trivially true for m = 0, since xq = yo = 
and Xi = 2. 

Generally, since we have 

A(2n, m) = max {g{2"'+^n + 1) : < t < 2^" - l) , 

and 

A(2n + 1, m) = max (c/(2™+^n + t) : 2™ < t < 2"+^ - l) , 
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we see immediately that 

A(n, m + 1) = max (A(2n,m),A(2n + l,m)). (21) 

Let us proceed by induction on m. The base case of m = is trivially true according 
to what we have shown earlier. 

Suppose that the result is true for m — 1 for some m > 1, then, using Corollary 14.61 we 
have 

A(2n, 2m) = max {g{2^"'^^n + ym-i), 9i2^"'^^n + x„)) 
= ^7(2''"+'n + x„) 
A(2n + 1, 2m) = max {gi2^"'^^n + y„,), g{2''^+^n + 2''^ + x^)) 
= (7(22-+^ + !/„). 
Hence, by (l2T]l . we conclude that 

A(n, 2m + 1) = max {gif'^^^n + y^), ^(2^'"+^ + Xm)) • (22) 
This implies, also using Corollary 14. 6^ that 

A(2n, 2m + 1) = max {gif'^^^ + y^),g{f'^+^n + x^)) 
= g{f^^^n + ym). 
A(2n + 1, 2m + 1) = max (^(22™+2^ + 22"+! + y^), ^(22^+2^ + Xm+i)) 

= r/(22™+2n + a;^+i)- 

And again, by (12T1) . we find that 

A(n, 2m + 2) = max (^(22'"+2^ + ?/„), ^(22'"+2^ + Xm+i))- (23) 

The desired conclusion for m follows from (122|) and (123|) . This achieves the proof by 
induction. □ 



In particular, choosing n = 1 and using Corollary 14.61 we see that 
A(l, 2m - 1) = max {g{2^'^-' + ym-i),g{xm)) 

= giXm) = giVm) - V{ym), 

and 



A(l, 2m) = max {g{yj,gi2^"' + x^)) 

= givm)- 



This is equivalent to 



^ ' ^ 27 9 V 3 

X 6m + 1 - 2-2"^ 1 / 22*^-1 2™ 
A(l, 2m) = = - 2m + 2"2m 



27 9 V 3 



20 



OMRAN KOUBA 



which can be expressed in a single formula as follows : 

, 1 / Round(2™/3) 
A(l,m) = - m + ^ ' ' 



9 V 2"^ 
So, we have proved the following two corollaries : 
Corollary 4.8. For every nonnegative integer m we have 



Corollary 4.9. For every positive integer n we have 

< !^i!l±^ _ Gin) < < - [IgnJ + - 



where 



e„ = l ([IgnJ + Round(2LisnJ/3)2-L'g"J) . 
9 



It is interesting to compare the upper bound of g{n) given in Proposition 14.2( 17!]) with 



the one given in Corollary 14.91 which is asymptotically the best possible by Corollary 14.81 
Recall that the minimum of g on is and that it is attained at a unique point 
t^Zl = 2""+^ - 1. So, what about the maximum? By Corollary 14.81 the maximum of g on 
Im is the number A^, given by 

1/ Round(2™/3)\ 3m+ 1 - (-1)"2-'" 

X = - i ^ — — = ^ . (24) 

™ 9 V 2"^ y 27 ^ ' 

But what can one say about s & Im knowing g{s) = Am ? The answer is in the following 
result. 

Proposition 4.10. For every positive integer m > 2. The function g attains its maximum 
on Ijn exactly two points t'^l and t'ml^ , given by 



+l(m) rfva I „ om i n, 

W-2 +XLm/2j, and t^J - 2 + yi(^m-i 



)/2j- 



Proof. For m = 2 the conclusion is clear, so let us suppose that m > 3 and let us consider 
an integer s satisfying 

2"^ < s < 2"^+^ and gis) = A^- 

Clearly s is even, since if s = 2s' + 1 for some s' G Im~i then, using Proposition I4.2( [al). 
we have A^ = g{s) = g{s') < \m-i which is absurd. So, let us consider the following two 
cases : 
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s = 2 mod 4. In this case we will prove that s = tmTi- Indeed, suppose that 
this is not true. It means that s = Xi mod 2^ and s ^ x^q mod 2'^'"' for ko = 
[(m + 1)/2J, so let us consider 

r = max{A; > 1 : s = Xk mod 2^'^}. 

Clearly r < \_{m + l)/2j (or equivalently m > 2r + l.) Moreover, by the definition 
of r we have s = Xr + with s' ^ 2 mod 4 and s' G Im-2r- There are two 
cases : 

□ Either s' = 1 + 2p for some p G Im-2r-i, which is absurd since, according to 
Corollary I4.6[ it leads to the following contradiction : 

= 9is) = (7(22'-+^ + 2^'' + Xr) < g{2''^^P + Vr) < Xm- 

□ Or s' = Ap for some p G Im-2r-2, (this can happen only if m > 4,) and 
this is also absurd since, according to Corollary 14.6^ it leads to the following 
contradiction : 

Xm = gis) = (7(2^^+^ + Xr) < g{2''^^p + Vr) < Xm- 

This proves that if s = 2 mod 4 then s = tmTi- 



• s = mod 4. By Proposition I4.4[ we have g{s) = g{s) = Xm with s E Im and 
s = 2 mod 4. Therefore, using the preceeding case we conclude that s = tmTi 

which is equivalent to s = t'^l = t'ma^ ■ 

This proves that if s = mod 4 then s = t'ma^ , and achieves the proof of the 
proposition. 

□ 

In fact, it is not difficult, by discussing according to the parity of m, to see that 

2- - 1 + Round (^— j , 2- - 1 + Round j^-^j , | . 
So, we have the following counterpart to Corollary 14.31 



Corollary 4.11. We have 



n>l: G{n) = ""^^^ - 0„1 = (2'^ - 1 + Round ) : r > 1 



y |2'' - 1 + Round ■ ^ - ^ 



Conclusion. In this work, we studied certain sums related to the "largest odd divisor" 
function and we obtained sharp bounds for these sums. 
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Problems. Here we give some supplementary problems that can be easily solved with 
the material presented in this article. 

Problem 1: Let a be the function defined in ([1]). Prove that for /3 > we have, in 
the neighborhood of +oo, 

a(A;) 1-2-'^ 1 



E 



What is the corresponding result when /3 = ? 

Problem 2: (Japan Mathematical Olympiad 1993) Let \J be the function defined in 
([3]). Prove that there exists infinitely many positive integers n such that 3f/(n) = 
2(1 + 2 + ■■■ + «). 

Problem 3: Let G be the function defined in (jlj). Find all positive integers n 
satisfying 

n2 + 2n 1 
Gin) > -. 
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